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Abstract
We consider a new mass scale MT = (~2
√
Λ/G)1/3 constructed from dimensional analysis by
using G, ~ and Λ and discuss its physical interpretation. Based on the Generalized Uncertainty
Relation, a black hole with age comparable to the universe would stop radiating when the mass
reaches a new mass scale M ′T = c(~/G2
√
Λ)1/3 at which its temperature corresponds to the mass
MT . Black hole remnants could have masses ranging from a Planck mass to a trillion kilograms.
Holography persists even when the uncertainty relation is modified to the Minimum Length Un-
certainty Relation (MLUR). The remnant black hole entropy is proportional to the surface area of
the black hole in unit of the Planck area in arbitrary noncompact dimensions.
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I. INTRODUCTION
Based on dimensional analysis, it is known that we can construct the Planck mass√
~c
G
, (1)
from three fundamental constants, the gravitational constant, the Planck constant and the
speed of light: G, h and c respectively. The combination is determined uniquely and a
number of physical interpretations are possible.
By adding cosmological constant (Λ), we may construct two additional mass scales con-
taining Λ, namely MW and M
′
W given by
~
c
√
Λ
3
and
c2
G
√
3
Λ
, (2)
respectively. The two mass scales have been proposed by Wesson [1] and certain physical
interpretations are discussed. The first and smaller Wesson mass, MW , can be thought of
as the minimum mass scale in nature [1, 2], whilst the second and large Wesson mass, M ′W ,
is interpreted as the mass of the visible universe [1, 3]. Another interesting interpretation
of the Wesson masses in relation to the Hawking temperature can be found in Appendix A.
We should observe that the first Wesson mass has no G and the second Wesson mass has
no ~.
It can be shown that these mass scales are all connected by a dimensionless quantity(
c3
~GΛ
) 1
2
≡ N1/2, (3)
which contains all four fundamental constants. In Ref. [3], it is argued that new mass scales
MΛ '
√
MWMP and M
′
Λ '
√
MPM ′W sitting logarithmically in the middle between the
two pairs of masses, (MW ,MP ) and (MP ,M
′
W ) can be interpreted as the minimum masses
of static classical object having classical radius larger than its own Compton wavelength.
Interestingly, the fundamental dimensionless quantity N ∼ 10120 can be interpreted to be
the number of quantum gravity bits on the entire cosmic horizon area, i.e. N ∼ (ΛR2p)−1.
This is the holographic bound on the maximum numbers of degrees of freedom we can put
in the observable universe.
A careful reader would notice that each of the “fundamental” masses, MW ,MP ,M
′
W ,
is constructed from three out of four natural constants. It means that we miss one other
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possible mass scale; the one without c. By simply multiply MW with dimensionless factor
N1/3, we obtain up to a numerical factor
MT =
(
~2
√
Λ
G
)1/3
, (4)
remarkably a mass scale with no c1. Interestingly, we might divide M ′W by N
1/3 to obtain
another new mass up to a numerical factor
M ′T = c
(
~
G2
√
Λ
) 1
3
. (5)
This mass is introduced, upto a dimensionless factor with different motivation, in Ref. [4].
In SI unit, the value of MT and M
′
T are approximately 10
−28 and 1012 kg respectively.
Note that MT is roughly one-tenth of the proton mass.
These mass scales may be plotted into a logarithmic scale as follows,
MW MT MP M
′
T M
′
W(
c3
~GΛ
) 1
6
FIG. 1. Hierachy of masses on the logarithmic scale.
From Fig. I, the geometric relation between mass scales are apparent. The Planck mass
is given by the geometric mean MP =
√
MWM ′W of the two Wesson masses. The new mass
scale without c is given by another geometric mean MT ' (MWM2P )1/3 = (M2WM ′W )1/3,
dividing each pair of the mass scales (MW ,MP ) and (MW ,M
′
W ) into one-third the values on
the log scale.
The motivation of this paper is to find physical meaning for the mass scales MT ,M
′
T . In
the next Section, we will show that a form of generalized uncertainty relation could lead to
a physical interpretation of the new mass scales MT ,M
′
T . We also discuss the consequences
of the uncertainty relation to the Hawking radiation.
1 Actually in Ref. [5, 6] with some typos, the same mass was proposed but the c independence is not
apparent since the authors define Λ to be scaled by c in the unit of time. The physical interpretations are
also different from ours here.
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II. GENERALIZED UNCERTAINTY PRINCIPLE (GUP)
In this section, we will derive the General Uncertainty Relation in some particular forms
and discuss the connection to the mass scales MT ,M
′
T . There is a number of good review
papers on the GUP ([7–10]) where the reader can consult. A number of different interpre-
tations and derivations of the GUP is also available in those references. The consequences
to the physics of black hole radiation will be explored in subsequent section.
We are all familiar with Heisenberg’s uncertainty principle,
∆x∆p ≥ ~
2
.
The relation gives a natural limit on how precise we can measure position and momentum
of a quantum particle even in the absence of a real measurement. From this relation, it is
possible to have zero uncertainty in position (∆x = 0) when we have infinite uncertainty
in momentum. The uncertainty relation in this original form reflects the wave nature of
quantum particle at an instantaneous moment in time.
Generally, however, there will be other factors which increase uncertainty of the measure-
ment. If the object or particle under measurement interacts with its own energy/momentum,
there will be additional uncertainty proportional to ∆p (∆x ≥ β∆p) at the leading order.
An example is gravitation where the particle’s own gravity gives the minimum position un-
certainty of the same size as its Schwarzschild radius. Another uncertainty originates from
the size of the probe (∆x ≥ `) we use in the measurement. Thus,
∆x∆p ≥ ~
2
+ `∆p+ β(∆p)2
gives a generalized uncertainty relation. Previously, ∆x can have a value as small as zero,
but with the additional uncertainties it is clear that when ∆p → ∞, ∆x also diverges to
infinity. Hence, there is a non-zero minimum value of position uncertainty ∆xmin which can
be calculated from the generalized uncertainty relation. Consider
∆x ≥ ~
2∆p
+ `+ β∆p.
By minimizing ∆x with respect to ∆p, we obtain the uncertainty in momentum that mini-
mizes ∆x,
∆pc =
√
~
2β
,
∴ ∆xmin = `+
√
2~β.
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Certainly we can take the probe (particle) size to be extremely small, e.g. by using short
wavelength photon for the measurement. Therefore the ` term can be taken to be almost
arbitrarily small (limit on ` itself is naturally
√
2~β) and thus ∆xmin is given roughly by
the second term
√
2~β.
One generalization of the uncertainty relation which can be expressed in the above form
is called the ‘Minimum Length Uncertainty Relation’ (MLUR),
∆x ≥ ~
2∆p
+
2R∆p
Mc
(6)
The additional term comes from e.g. the following thought experiment [10, 11]; suppose we
have a particle traveling parallel to a mirror. Let R be the distance between the particle and
the mirror. The time it would require for photon to be emitted from the particle, reflected
by the mirror and absorbed back by the same particle is roughly t = 2R/c. During this
time, the particle would have acquired an additional position uncertainty ∆x = (∆p/M)t =
2R∆p/Mc. Note that the MLUR gives the string-inspired GUP [12–17] when R→ Rp,M →
Mp.
If we minimize ∆x with respect to ∆p from the MLUR (6), we obtain
∆xmin = 2
√
R~
Mc
. (7)
An alternative derivation of the minimum uncertainty (7) (up to some numerical factor)
is to consider the measurement of the position of the same particle twice in the Heisenberg
picture, this would yield uncertainty in the distance travelled by that particular particle,
xˆ(t) = xˆ(0) + t
dxˆ
dt
.
From dxˆ(t)/dt = i[Hˆ, xˆ(t)] = pˆ/M , we get
xˆ(t) = xˆ(0) + pˆ(0)
t
M
.
With this relation, we find that,
∵ ∆A∆B ≥ 1
2i
〈[Aˆ, Bˆ]〉,
[xˆ(0), xˆ(t)] = i~
t
M
,
∆x(0)∆x(t) ≥ t~
2M
.
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If R is an apparatus size which we use to measure position of the particle, the observant
time is related to R by t ∼ 2R/c (if we use photon to measure the position),
∴ ∆x(0)∆x(t) ≥ R~
Mc
,
∆x ≥
√
R~
Mc
,
the same result as Eqn. (7) up to a numerical factor. The physical meaning of the above
uncertainty is the following. Position uncertainty of a particle increases as time elapses. The
time dependence of the uncertainty is
√
t, distinctive characteristic of the random walk. It
should be emphasized that this is the total uncertainty from intrinsic uncertainty due to
the wave nature of the particle and the uncertainty from the time elapse required by the
measurement process of the apparatus with size R.
Next we incorporate uncertainty from gravity into the uncertainty relation. Since our
particle can not be smaller than its Schwarzschild radius,
∆x ≥ RS = 2GM
c2
.
By adding both kinds of position uncertainty together, we get,
∆x ≥
√
R~
2Mc
+
GM
c2
From this MLUR, we find
∆xmin =
3
2
(
RG~
c3
) 1
3
=
3
2
(RR2p)
1/3, (8)
Mc =
1
2
(R
√
Λ)1/3M ′T =
1
2
(
R
RW
)1/3
M ′T , (9)
where Mc is the corresponding mass which gives ∆xmin, RW ≡
√
1/Λ and Rp =
√
~G/c3 is
the Planck length.
We may rearrange ∆xmin into another form,
∆xmin =
3
2
(RR2p)
1/3 =
3MT
2M ′T
(
R
Λ
) 1
3
We can define the corresponding Compton radius for each mass scale as Ri = ~/Mic. Since
RW = Λ
−1/2 and RW ′ = G~
√
Λ/c3
√
3, other possible forms of ∆xmin are
∆xmin =
3MT
2M ′T
(RR2W )
1/3 ' (RRWRW ′)1/3 =
(
R
RW
)1/3
RT , (10)
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where RT is the Compton radius of the new mass scale MT . If we set R equal to the size of
observable universe RW , then
∆xmin = RT = (RWR
2
p)
1/3. (11)
This means RT is the minimum uncertainty of distance travel by a particle over the size
of the observable universe. Alternatively, we can interpret RT to be the minimum position
uncertainty of the particle when the apparatus size is radius of the observable universe RW .
According to (9), the corresponding mass that would yield this ∆xmin is M
′
T . Therefore,
a possible physical interpretation of MT is the mass whose the Compton radius RT =
(R2pRW )
1/3 is the minimal uncertainty of a particle travel over the entire de Sitter radius
RW . In other words, the maximally possible minimum uncertainty of position of a particle
in the universe is the Compton radius of the mass MT . On the other hand, the minimally
possible minimum uncertainty ∆xmin is when we set R = Rp giving the absolute minimal
∆xmin = Rp, the Planck length. Numerically, ∆xmin from the MLUR is in the range of
value from the Planck length 10−35 m to a few femtometers.
Other interpretation for RT is the size of our universe if its density is the Planck
density(ρp),
ρp =
Mp
4
3
piR3p
=
M ′W
4
3
pir3
∴ r =
(
M ′WR
3
p
Mp
)1/3
= (R2pRW )
1/3 = RT ,
where we assumed that the mass of the universe is M ′W . If we compress the universe until
it reaches the Planck density, its size will be in the order of RT .
III. MINIMUM LENGTH UNCERTAINTY RELATION AND BLACK HOLE
REMNANTS
Generally, we believe that a black hole whose temperature is hotter than its surrounding
would keep emitting black body radiation until there is nothing left. This assumption is
based on the viewpoint of miniature black hole as unstable quantum system. However, if
we apply the MLUR to black hole evaporation mechanism, it is possible to stop the process
before the black hole can evaporate completely. The existence of black hole remnants could
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lead to a possible resolution of the information loss paradox (see Ref. [18, 19] and references
therein).
As a rough estimation, we can apply the Heisenberg’s uncertainty principle to the black
hole evaporation mechanism [12], starting from uncertainty relation,
∆p ≥ ~
∆x
.
By setting ∆x equals to the Schwarzschild diameter,
∆p =
~c2
4GM
gives momentum uncertainty of particle radiated from a black hole. The corresponding
energy uncertainty is then c∆p = ~c3/4GM . If we identify this value as energy of the
emitted photon, the corresponding temperature would agree with the Hawking temperature
up to a factor of 2pi,
∵ E ' kBT,
∴ T ' ~c
3
4GMkB
.
Although this result agrees with Bekenstein-Hawking radiation, it does not prevent black
hole from total evaporation. However, if we were to use the string-inspired Generalized
Uncertainty Principle, the evaporation process would stop around the Planck mass [12].
If instead of the conventional uncertainty relation, we adopt the MLUR relation (6). We
can use the new relation to calculate black hole temperature. We start by multiplying both
sides of the equation with ∆p and treat it as a quadratic equation,
0 =
2R
Mc
(∆p)2 −∆x∆p+ ~
2
∴ ∆p = Mc∆x
4R
(
1±
√
1− 4R~
Mc(∆x)2
)
.
Setting ∆x = 4GM/c2, the momentum uncertainty is then
∆p =
GM2
Rc
(
1±
√
1− R~c
3
4G2M3
)
.
By taking the large mass limit, if the negative sign is chosen, this result would agree with
Hawking temperature with a calibrating factor of pi. The positive sign corresponds to no
physical meaning. Thus, the temperature of black hole is,
T =
GM2
piRkB
(
1−
√
1− R~c
3
4G2M3
)
. (12)
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By plotting temperature against mass, we can see that the temperature will continue to
raise as the mass decreases, just as it should, until the value of M rendering term under the
square root sign negative and meaningless. This is the point where black hole evaporation
process would stop.
5× 1012 1× 1013 2× 1013 M/kg
5× 109
1× 1010
5× 1010
1× 1011
T/K
5× 1012 1× 1013 2× 1013 M/kg
5× 1018
1× 1019
5× 1019
1× 1020
5× 1020
S/JK-1
FIG. 2. T −M and S −M relations for R = RW .
The final value of mass can be determined from
1− R~c
3
4G2M3
= 0, (13)
leading to
M0 =
(
R~c3
4G2
)1/3
=
(
R
√
Λ
4
)1/3
M ′T =
1
22/3
(
R
RW
)1/3
M ′T = 2
1/3Mc. (14)
It is no surprise that the black hole stops evaporate around the critical mass Mc where
the uncertainty in the position of emitted photons is minimum, i.e. ∆xmin ' (R2pR)1/3.
Interestingly, the temperature of the black hole remnant is still positive,
T0 =
GM20
piRkB
=
c2
pikB
(
~2
16GR
)1/3
. (15)
The value of the remnant temperature T0 ranges from the Planck temperature Tp =
Mpc
2/kB (for R = Rp) to the temperature TT (for R = RW ) associated with the new
scale MT ,
TT =
MT c
2
42/3pikB
' 1011 K. (16)
However, since the radiation flux is zero, this positive remnant temperature will be the last
temperature of the black hole before the Hawking radiation stops. A black hole that has
radiated for a longer period of time will have higher uncertainty in ∆x. For black hole
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with the age comparable to RW/c, it would stop radiating at mass around M
′
T when the
temperature is TT .
The additional uncertainty 2R∆p/Mc of the MLUR in (6) when applied to Hawking
radiation can also be interpreted in the following way. When a black hole emits a particle,
we will never know the exact kicked-back momentum of the black hole until the emitted
particle is detected, i.e. its wave function has collapsed. Thus, the backreaction from
momentum conservation will cause additional uncertainty in its position in the order of
t(∆v) where t ∼ 2R/c for a distance R between black hole and the observer. This is
precisely the additional term in (6). The longer a black hole has been radiating, the larger
the uncertainty generated by the backreaction on the position of the black hole.
We can calculate the thermodynamic entropy of the black hole subject to the MLUR
from the temperature function in Eqn. (12),
S = c2
∫
T−1dM =
3B 2F1
(
1
3
, 1
2
; 4
3
; B
M3
)
+ 2M
(√
M4 −BM +M2)
4ABM/c2
, (17)
where
A =
G
pikBR
, B =
R~c3
4G2
, AB =
~c3
4piGkB
. (18)
The final state remnant with M0 = B
1/3 has entropy
S0 =
c2
4A 3
√
B
(
2 +
3
√
pi Γ
(
4
3
)
Γ
(
5
6
) ) = pikB
42/3
(
2 +
3
√
pi Γ
(
4
3
)
Γ
(
5
6
) ) (∆xmin)2
R2p
, (19)
where ∆xmin = (R
2
pR)
1/3. Remarkably, the remnant entropy obeys holographic relation,
i.e. it is proportional to the surface area of the remnant black hole ∼ (∆xmin)2 in the
unit of Planck area R2p. Interestingly, even the uncertainty relation is modified to MLUR,
holography is still present (see also Ref. [4]).
By assuming the Stefan-Boltzmann law of radiation,
AhσT
4 = −c2dM
dt
, (20)
the evaporation time of black hole until it reaches the final state remnant can be calculated,
tev =
∫ M
B1/3
c6
16piσT 4(GM)2
dM,
=
16pi3G2k4B
3c6~4σ M3
[
−B2 +BM3
(
8
√
1− B
M3
− 7
)
+ 8M6
(√
1− B
M3
+ 1
)
+8BM3
(
2 ln
(√
M3 −B +M3/2
)
− 3 ln(M)
) ]
. (21)
10
5× 1012 1× 1013 2× 1013 M/kg10
18
1020
1022
1024
tev /sec
FIG. 3. Evaporation lifetime of black hole for R = RW .
If we set R = RW ,  = 1 and calculate the evaporation time of black hole with masses larger
than the remnant mass B1/3, it turns out that any black hole will live longer than the present
age of the universe, 13.8 billion years' 4.35×1017 secs as shown in Fig. 3. The temperature
and entropy to mass relations are presented in Fig. 2.
A. Minimum remnant mass
Since the apparatus size cannot be smaller than the black hole, if we set the parameter
R = Rmin = 2GM/c
2 = RS, the Schwarzschild radius of the original black hole at the
beginning of the evaporation process. Then the remnant mass in Eqn. (14) becomes
M0 ' (M2pM)1/3, (22)
the weighed geometric mean of the original mass M with the Planck mass. And the remnant
entropy is
S0 = pikB
(
M
2Mp
)2/3(
2 +
3
√
pi Γ
(
4
3
)
Γ
(
5
6
) ) ' 6.207 pikB ( M
2Mp
)2/3
. (23)
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Therefore, a black hole starting with larger mass than Mp will leave a remnant with a
mass larger than Mp as well. Right before the black hole stops radiating, it has the final
temperature equal to
T0 =
Mpc
2
25/3pikB
(
Mp
M
)1/3
. (24)
IV. A GENERALIZATION TO D-DIMENSIONS AND HOLOGRAPHY
In this section, we repeat the calculation of temperature and entropy of radiating black
hole in noncompact d dimensional spacetime. It will become clear that the thermal entropy
of the remnant black hole calculated from the MLUR is holographic in nature in arbitrary
dimensions. Starting with the MLUR
∆p =
Mc∆x
4R
(
1±
√
1− 4R~
Mc(∆x)2
)
, (25)
we set ∆x = 2χM1/(d−3), the Schwarzschild radius of a black hole in d dimensions. The
gravitational constant χ = (κc2)1/(d−3) is dimension dependent with κ = 8piGd/c4. By
identifying the Hawking temperature via ∆p = pikBT/c, we obtain
T = AdM
(d−2)/(d−3)
(
1−
√
1− Bd
M (d−1)/(d−3)
)
, (26)
for
Ad =
c2χ
2pikBR
, Bd =
~R
cχ2
. (27)
The black hole radiation should stop when
M = B
(d−3)/(d−1)
d , (28)
where the size of the final black hole is roughly the minimum position uncertainty determined
by the MLUR,
∆x = ∆xmin ∼ (ζ2χd−3)1/(d−1), (29)
and ζ =
√
R~/c [4]. The thermal entropy of the black hole can be calculated straightfor-
wardly
S = c2
∫
T−1dM, (30)
=
(d− 3)M− 1d−3
[
Bd(d− 1) 2F1
(
1
2
, 1
d−1 ;
d
d−1 ;BdM
−1− 2
d−3
)
+ 2M
d−1
d−3
(√
1−BdM− 2d−3−1 + 1
)]
2AdBd(d− 2) .
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When the radiation stops at the mass given by Eqn. (28), the remnant entropy becomes
S0 =
c2
AdB
1/(d−1)
d
(
d− 3
d− 2
)(
1 +
√
pi
2
Γ(1/(d− 1))
Γ((d+ 1)/2(d− 1))
)
, (31)
∼ kB (∆xmin)
d−2
Rd−2p,d
, (32)
where Rp,d = (~κc)1/(d−2) is the d-dimensional Planck length. The remnant black hole en-
tropy is proportional to the horizon area, (∆xmin)
d−2, in the unit of d-dimensional Planck
area, Rd−2p,d . Remarkably, holography in thermal entropy of the remnant black hole persists in
noncompact d dimensions even when the uncertainty relation is modified to the MLUR (con-
ventional uncertainty relation with black hole physics also leads to holography as reflected
in the area law of thermal entropy S ∼M2 ∼ R2S in 4 dimensions). This is a strong evidence
that holography is an inevitable phenomenon of the MLUR as discussed in Ref. [4].
V. DISCUSSIONS AND CONCLUSIONS
We have proposed a new mass scale MT = (~2
√
Λ/G)1/3 constructed from 3 fundamental
constants, G, ~,Λ. In association to MT , another mass scale M ′T = c(~/G2
√
Λ)1/3 can be
defined which altogether divide the range of mass between the two Wesson masses into 3
equal parts in logarithmic scale. Both new mass scales have physical interpretation in terms
of the MLUR. MT is the corresponding Compton mass of the minimum position uncertainty
∆xmin = (R
2
pRW )
1/3 = RT when observer is at cosmic horizon distance from the measured
object whilst the critical mass giving ∆xmin = RT is M
′
T .
When the MLUR is adopted to black hole radiation, it predicts remnant as the final
state of the black hole evaporation process. For a black hole with age at least around
RW/c, it will radiate until its temperature reaches as high as MT c
2/pikB where its mass
is of order of M ′T (if it starts out at mass higher than M
′
T ). For a general black hole,
the minimum remnant mass is the weighed geometric mean (M2pM)
1/3 between the Planck
mass and the original black hole mass M . This occurs when R is set to the minimal
value Rmin = RS = 2GM/c
2, the Schwarzschild radius of the original black hole. The
lowest possible remnant mass is the Planck mass only when the starting black hole is also
of Planck mass according to the MLUR. This is the crucial difference of the MLUR from
the string-inspired GUP considered in Ref. [12]. According to MLUR, during the Hawking
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radiation process, the backreaction would give a black hole additional position uncertainty
no less than the Schwarzschild radius of the original black hole. The longer a black hole has
been radiating, the larger the uncertainty in its position and size. This kind of “quantum
random walk” or quantum jitters results in the minimum size of the final remnant black
hole ∼ (R2pR)1/3 which is larger than Rp (for R > Rp).
MLUR is a result of the intrinsic quantum uncertainty and gravitational uncertainty due
to the horizon combined with the uncertainty originated in the measurement process by an
observer at finite distance from the particle, or by an observer in an apparatus of a finite
size. The probe particle or detector that the observer uses to detect is in an entangled
state with the measured particle until the measurement is finished. Once the wave function
is collapsed, the observer obtains the information of the measured particle and the probe.
However, during the measurement process while the particle is entangled with the probe,
the particle uncertainty increases with time. As a result, a minimum uncertainty in position
of the particle becomes nonzero. It can be identified with the Compton radius RT (roughly
a femtometer) of the mass MT when the particle is entangled with the entire observable
universe. MLUR thus contains some aspect of quantum entanglement whence applied to
black hole radiation (i.e. entanglement between black hole and emitted radiation particle)
leads to prediction of remnant final state of black hole. It also provides another physical
interpretation of the mass scales MT and M
′
T in terms of universe-age remnant temperature
and mass.
Finally, in the scenario of black hole radiation where the MLUR is adopted, the black
hole remnant has thermal entropy with holographic nature, i.e. proportional to its boundary
area in the unit of Planck area. This is proven in arbitrary noncompact dimensions. Another
unique aspect of the black hole evaporation according to Eqn. (12) is if we interpret the age
of a black hole tage = R/c as the time it has been evaporating, the black hole temperature
will depend on both the mass and its age tage.
T =
GM2
pikBctage
(
1−
√
1− ~c
4tage
4G2M3
)
. (33)
For small tage, the dependence on tage is very weak but becomes increasingly distinctive for
large tage. The larger the age, the higher the temperature. The black hole will finally stop
evaporating at age tage = 4G
2M3/~c4 and become a remnant.
Remnants can be served as a dark matter candidate or a fraction of the necessary amount
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required by the observations. Since remnants are weakly interacting and massive, they are
categorized as a Cold-Dark-Matter (CDM) candidate. From Fig. 3, black holes with masses
above 1012 kg would remain until today. The black hole more massive than 4.5×1022 kg will
have lower temperature than the Cosmic-Microwave-Background temperature 2.73 K and
they will keep growing. Black holes with mass below 1012 kg would remain in the form of
remnants. In Ref. [22], constraints from Galactic and extra-galactic gamma-ray background
on the population of the black holes with masses around 1012 kg are estimated. To avoid
the over population of the remnants, an era of inflation is required [23].
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Appendix A: Relationship between Wesson masses and Hawking temperature
In section III, we have shown that the mass scale MT ,M
′
T emerge from the Hawking
radiation when the uncertainty relation is modified to the MLUR and the apparatus size to
is set to R = RW , the universe size. Naturally, we would wonder if conventional black hole
thermodynamics in the finite size universe RW would yield the similar results.
In this section, we will show that the Hawking temperature of a black hole in de Sitter (dS)
and Anti de Sitter (AdS) space with cosmic radius RW can be expressed in infinite series in-
volving only the 2 Wesson massesMW ,M
′
W . Therefore, the main results thatMT ,M
′
T emerge
from the Hawking radiation are very unique characteristic of the MLUR (with R = RW )
which cannot be reproduced by conventional black hole thermodynamics and uncertainty
relation.
In the Schwarzschild-(Anti) de Sitter space, the metric with
√
1/Λ = RW substituted is,
ds2 = −
(
1− 2GM
c2r
± Λ
3
r2
)
dt2 +
(
1− 2GM
c2r
± Λ
3
r2
)−1
dr2 + r2dΩ2,
where the plus (minus) sign is for the AdS (dS) case. We can find the horizon radius by
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setting
(
1− 2GM
c2r
± Λ
3
r2
)
equal to zero giving [20, 21]
rdS =
2√
Λ
cos
[
pi
3
+
1
3
cos−1
(
3
GM
√
Λ
c2
)]
, (A1)
rAdS =
2√
Λ
sinh
[
1
3
sinh−1
(
3
GM
√
Λ
c2
)]
, (A2)
where rdS and rAdS denote horizon radius in the Schwarzschild-de Sitter and Schwarzschild-
Anti-de Sitter space respectively.
Thus, the black hole temperature is,
T =
~c
kB
g′00(rh)
4pi
=
~c
4pikBrh
(
1± Λr2h
)
, (A3)
where rh = rAdS (rdS) for + (−) sign. Eqn. (A3), together with (A1) and (A2), can be
expanded to yield
TdS =
MW c
2
8pikB
(
M ′W
M
− 16 M
M ′W
− 80
(
M
M ′W
)3
− ...
)
,
TAdS =
MW c
2
8pikB
(
M ′W
M
+ 16
M
M ′W
− 80
(
M
M ′W
)3
+ ...
)
.
Although this result does not contain any relation with our main mass scales, MT and M
′
T ,
it is quite interesting to see the two Wesson masses showing up in the Hawking temperature
formulae.
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